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SUMMARY
Changes in fracture direction across interfaces can have an important impact on PS-wave reflection
coefficients in azimuthally anisotropic media.  Extending conventional joint inversion with P-waves to
include amplitude variations with azimuth (AVAz) would use radial and transverse reflection coefficients
(RPSV and RPSH, respectively), and present a number of challenges.  One of these is that layerstripping
(LS) must be done either prior to or during joint inversion with fast PS1- and slow PS2-waves for
azimuthal rock properties (e.g., fractures or stress directions).  Also, null amplitude directions of RPSH
can be shifted in azimuth when fracture direction changes across the interface, and will be different from
the actual fracture direction.  As a consequence, a full waveform inversion (FWI) approach without
registering PS-waves to P-wave time could be more practical than attempting to align them prior to joint
AVAz inversion.
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 Introduction 

Shear waves (S-waves) are very sensitive to fracture direction and may be able to help joint P-wave 
and converted P- to S-wave (PS-wave) amplitude inversion.  Tillotson et al. (2012) have shown that 
S-wave birefringence (splitting) is proportional to crack density in physical model studies.  This ob-
servation is based on Eshelby’s (1957) theory of ellipsoidal inclusions (fluid filled cracks), which has 
been incorporated in theories for fractured and porous media to model seismic anisotropy (Hudson, 
1981; Thomsen, 1995).  
 
Conventional isotropic joint amplitude variation with angle (AVA) inversion (e.g., Dariu et al., 2003, 
and Barnola and Ibram, 2014) ignores the azimuthally anisotropic effects of splitting into fast (PS1) 
and slow (PS2) converted-waves.  However, Jílek (2002) has derived linearized approximations for 
PS-wave reflection coefficients, RPSV and RPSH, between weakly anisotropic media that could in prin-
ciple be used for such a joint azimuthal (AVAz) inversion with P-waves.  
 
Inverting for fracture properties may be challenging because layerstripping (LS) must be done prior to 
or during the inversion to separate the PS1- and PS2-waves.  Also, null amplitude directions of RPSH 
can be shifted in azimuth when fracture direction changes across an interface, and could result in er-
rors.  LS and AVAz inversion should constrain each other.  Therefore, a full waveform inversion 
(FWI) method that simultaneously incorporates the kinematics of LS and the dynamics of AVAz 
might be a more practical approach. 
 
In this paper I extend Jílek’s (2002) approximations to include higher order coefficients in the angle 
of incidence, and model RPSV and RPSH amplitudes for orthorhombic media where the fracture direc-
tion can change across the interface.  For horizontal transversely isotropic (HTI) media, I demonstrate 
with synthetic data how null directions on the transverse component can be shifted in azimuth with 
respect to fracture direction, and show similar observations with common receiver gathers (CRGs) 
from ocean-bottom cable (OBC) data from the Gulf of Mexico. 

PS-wave approximations and amplitude modelling 

Approximations to reflection coefficients are derived here for RPSV and RPSH as a function of sin(θ)  
and sin3(θ) where θ is vertical angle of incidence and φ is azimuth (Jílek 2002).  As the subscripts 
indicate, RPSV is associated with the radial source-receiver direction, 

 

RPSV θ ,φ( ) = − Aiso + A1
(1)  sin2φ  − A2

(1)  sin2(φ −κ )⎡
⎣ +A1

(2) cos2φ − A2
(2) cos2(φ −κ )⎤⎦sinθ

                   + Biso + B1
(1)  sin2φ  − B2

(1)  sin2(φ −κ )⎡
⎣  +  B1

(2) cos2φ − B2
(2) cos2(φ −κ )

                              −C1
(1)  sin4 φ  + C2

(1)  sin4 (φ −κ )−C1
(2) cos4 φ + C2

(2) cos4 (φ −κ )⎤⎦sin3θ ,
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and RPSH with the transverse direction, 

 
RPSH θ ,φ( ) = − D1 sin 2φ − D2 sin 2(φ −κ )⎤⎦⎡

⎣ sinθ

                   + E1 sin 2φ − E2 sin 2(φ −κ )⎡⎣ − F1 sin 4φ + F2 sin 4(φ −κ )⎤⎦sin3θ ,
  (2) 

where angle κ is the change in fracture orientation across the interface.  The isotropic coefficients in 
equation (1) are functions of density, Δρ/ρ, S-wave velocity, Δβ/β, and background VP/VS in accord-
ance with Aki and Richards (1980).  The other coefficients are anisotropic and also depend on back-
ground VP/VS where Aj

(i) and Bj
(i) depend on the Thomsen (1986) parameters δij for the ith axis and for 

the jth layer.  The A2
(i) and B2

(i) also depend on S-wave splitting anisotropy, γ (S).  All terms are defined 
as in Tsvankin (1997) and resemble Rüger’s (2001) in HTI symmetry directions.  The Cj

(i) depend on 
the Thomsen (1986) εij, and δij in the horizontal plane (δ31 and δ32).  By comparison, RPSH in equation 
(2) seems relatively simple.  There are no isotropic terms, and Dj

(i) and Ej
(i) have a similar dependence 

as the Aj
(i) and Bj

(i), and the Fj
(i) have a similar dependence as the Cj

(i). 
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 Figure 1 shows amplitude plots of RPSV and RPSH for ortho-
rhombic incident and reflecting media.  The background 
contrasts for Δρ/ρ and Δβ/β, are 0.01, and γ (S), is 0.05 in 
both layers, a typical value observed in PS-wave surveys 
(Gaiser et al., 2001).  All the other anisotropy parameters 
are taken from Jílek’s (2002) weak anisotropy example, 
except that in this case, κ = –30 degrees (i.e., the fracture 
direction changes by –30°).  The fracture azimuth is 90°. 
 
RPSH show some interesting characteristics that have im-
portant consequences for LS. Note that the null amplitude 
contours (arrows) are shifted in azimuth (approximately 
+15°) and are not aligned with fracture direction.  These 
null directions are typically identified in the LS process 
before determining the magnitude of γ (S).  Although small 
errors in estimating fracture azimuth are not likely to re-
sult in large traveltime errors for γ (S), as demonstrated by 
Gaiser et al. (1997), these errors could be important for 
joint amplitude inversion. 

PS-wave layerstripping examples 

PS-wave reflection coefficients are generally not observa-
ble in azimuthally anisotropic media unless the kinematic 
effects of S-wave birefringence are first removed.  PS-
waves detected on the radial component provide RPSV only 
when the source-receiver azimuth is aligned with princi-
pal directions of the fracture anisotropy.  In other azi-
muths the radial component represents the constructive 

interference (in general) of the fast and slow PS-waves.  Also in these azimuths, the transverse com-
ponent represents the destructive interference (in general), not RPSH.  This situation compromises PS-
wave data for conventional joint AVO inversion, and indicates that LS needs to be done before AVAz 
inversion.  However, in media where the fracture direction changes, LS might be even more challeng-
ing.  In this section I show a synthetic example of LS for HTI layers where the fracture direction 
changes with depth, and also an OBC example from the Gulf of Mexico. 

Synthetic data 

Figure 2a shows radial and transverse data labelled with sensor orientations.  These data are CRGs 
where each trace corresponds to common-azimuth stacks in different propagation directions.  Radial 
particle motion is aligned with the propagation direction and transverse particle motion is in the per-
pendicular direction.  There is an isotropic layer (water in the OBC case) over three HTI layers with 

 
Figure 1 Reflection coefficients for RPSV 
(a) and RPSH (b) where S-wave splitting, 
γ(S), is 0.05 but fracture direction changes 
by –30°. Dashed contours are 0.01 ampli-
tude intervals, and note that the null ampli-
tude contours on RPSH (arrows) are shifted 
in azimuth and are not aligned with the 
fracture direction at 90°. 

       
Figure 2 Layerstripping process of synthetic data for a model with an isotropic layer over three HTI layers 
where the fracture direction (solid vertical red lines) changes by –15° in each layer.  Input radial and transverse 
common-azimuth stacks (a) are rotated to the fracture direction of the upper HTI layer (b), slow PS2 reflections 
are shifted to align with the fast PS1 reflections (c), and then the data are rotated back to radial and transverse 
(d) for analysis and processing of the next deeper HTI layer.  
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 fracture azimuth indicated by solid vertical lines. Dashed lines are directions perpendicular to frac-
tures.  The HTI fracture orientation is N120E in the second layer and changes by –15° in each layer.  
S-wave splitting, γ (S), in each layer is 0.0, 0.07, 0.05 and 0.03. 
 
Seismic events in Figure 2a show the characteristic signatures of this fractured medium.  The earliest 
event shows a strong response on the radial component between 0.8 and 0.9 s, but note that there is a 
small amount of energy on the transverse component.  This cannot originate from out-of-plane dis-
placement of the P-wave arrival in the isotropic layer above the interface.  These small events are 
related to continuity of displacement at the interface when P-waves convert to downgoing transmitted 
S-waves in the HTI medium. The reflections below this first event show the characteristic signature of 
interference between PS1 and PS2 split S-waves.  The fast and slow S-waves continuously separate in 
time on the radial component with increasing traveltime. 
 
Conventional LS is illustrated in Figure 2 for the reflection at about 1.5 s.  After rotation to principal 
directions (Figure 2b), null amplitude responses normally coincide with the fracture direction.  How-
ever, we see that this is not precisely true (circles).  An estimate of reflection coefficients, RPSV and 
RPSH (Figure 2d) are obtained by removing the slow PS2-wave delay (–28 ms) and aligning it with the 
fast PS1-wave (Figure 2c), and then rotating back to radial and transverse.  RPSV amplitude varies ellip-
tically in azimuth and is low amplitude in the fracture direction, and RPSH has a sin(2φ) behaviour with 
polarity reversals every 90° in azimuth.  However, note that the AVAz signature of RPSH does not 
entirely agree with the LS parameters that would have been estimated and used to identify fracture 
direction.  The null amplitude direction of RPSH that would have been picked is consistently shifted in 
azimuth (circles in Figure 2).  This situation highlights the importance that the kinematics of LS 
(splitting and perhaps NMO) and amplitude inversion should describe a consistent model.  They need 
to be inverted simultaneously as in a FWI method. 

OBC Gulf of Mexico data 

Similar birefringence signatures can be observed from the Teal South area in the Gulf of Mexico.  
Figure 3 shows common-azimuth stacks, before (3a) and after (3b) LS (three layers).  Note that the 
direct P-wave arrival in Figure 3a has a small amount of high frequency transverse energy, exhibiting 
a sin(2φ) behaviour.  Although this suggests that the seabed is azimuthally anisotropic, the direct arri-
val and earliest reflections on the radial component are essentially flat.  By 1.5 s however, the fast and 
slow reflections are clear on the radial component, at about N115E and N205E, respectively, and ex-
hibit a sinusoid-like interference with azimuth.  Also, the null amplitude directions become well de-
fined on the transverse component.  After 2.0 s, PS1 and PS2 are completely separated in time. 

   
Figure 3 Common-azimuth stacks from Teal South in the Gulf of Mexico shows three layers determined by 
layerstripping: an isotropic (or weak HTI) layer over two HTI layers where the inferred fracture directions 
are indicated by solid vertical red lines that appear to change in azimuth.  The input radial and transverse 
data (a) are analyzed for null amplitude directions on the transverse (fracture direction), and traveltime dif-
ferences between PS1 and PS2 on the radial (fracture intensity, γ (S)).  After layerstripping (b), radial and 
transverse components represent the reflection coefficients, RPSV and RPSH, respectively.  
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 Layerstripping to 1.5 s (three layers with γ (S): ~0.0, 0.01 and 0.03) aligns reflections on the radial 
component with more consistent azimuthal amplitude response, and produces the characteristic resid-
ual amplitudes on the transverse component.  These responses represent estimates of RPSV and RPSH.  
Note that the event at 0.5 s (circle) now shows a clear sin(2φ) behaviour on transverse compared with 
Figure 3a; however, the null amplitude direction of this event does not appear to be aligned with the 
kinematic estimate of the principal directions.  The actual fracture directions are of course unknown.  
For events from around 1.0 to 1.5 s there appears to be closer agreement of the estimated principal 
directions and the null amplitude directions.  Further LS is required after 1.5 s.  Nevertheless, a joint 
inversion solution will need to have consistent traveltimes and amplitude models. 

Conclusions 

Layerstripping (LS) must be done prior to or during amplitude inversion of PS1- and PS2-waves for 
azimuthal rock properties (e.g., fractures or stress directions).  However, null amplitude directions of 
RPSH will be shifted in azimuth when fracture direction changes across the interface, and will be dif-
ferent from the actual fracture directions, resulting in LS errors.  LS and AVAz inversion should be 
done together such that traveltime and amplitude models are consistent with each other.  A more prac-
tical approach may be FWI that simultaneously incorporates the kinematics of LS with the dynamics 
of AVAz. 
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